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ABSTRACT
In order to couple spatial data from frequency-domain helicopter-borne electromag-
netics with electromagnetic measurements from ground geophysics (transient elec-
tromagnetics and radiomagnetotellurics), a common 1D weighted joint inversion
algorithm for helicopter-borne electromagnetics, transient electromagnetics and ra-
diomagnetotellurics data has been developed. The depth of investigation of helicopter-
borne electromagnetics data is rather limited compared to time-domain electromag-
netics sounding methods on the ground. In order to improve the accuracy of model
parameters of shallow depth as well as of greater depth, the helicopter-borne elec-
tromagnetics, transient electromagnetics, and radiomagnetotellurics measurements
can be combined by using a joint inversion methodology. The 1D joint inversion
algorithm is tested for synthetic data of helicopter-borne electromagnetics, transient
electromagnetics and radiomagnetotellurics. The proposed concept of the joint inver-
sion takes advantage of each method, thus providing the capability to resolve near
surface (radiomagnetotellurics) and deeper electrical conductivity structures (transient
electromagnetics) in combination with valuable spatial information (helicopter-borne
electromagnetics). Furthermore, the joint inversion has been applied on the field data
(helicopter-borne electromagnetics and transient electromagnetics) measured in the
Cuxhaven area, Germany.

In order to avoid the lessening of the resolution capacities of one data type, and
thus balancing the use of inherent and ideally complementary information content, a
parameter reweighting scheme that is based on the exploration depth ranges of the
specific methods is proposed. A comparison of the conventional joint inversion algo-
rithm, proposed by Jupp and Vozoff (1975), and of the newly developed algorithm is
presented. The new algorithm employs the weighting on different model parameters
differently. It is inferred from the synthetic and field data examples that the weighted
joint inversion is more successful in explaining the subsurface than the classical joint
inversion approach. In addition to this, the data fittings in weighted joint inversion
are also improved.

Key words: Joint inversion, Helicopter-borne electromagnetics, Transient electro-
magnetics, Radiomagnetotellurics, Weighted joint inversion.

∗sudha_gupta00@yahoo.co.in

INTRODUCTION

As EM methods are based on the propagation of EM fields in
the air and the subsurface, both ground-based and airborne
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electromagnetic (AEM) measurements are equally feasible.
Recent examples for helicopter-borne groundwater investi-
gations with frequency-domain systems are given in Siemon,
Eberle and Binot (2004), Siemon et al. (2007, 2012) and
Steuer, Siemon and Eberle (2008) and with time-domain sys-
tems in Jørgensen et al. (2006), Kjærstrup and Erfurt (2006),
and Scheer et al. (2006). The use of both systems is also dis-
cussed by Siemon, Christiansen and Auken (2009) and Steuer,
Siemon and Auken (2009).

Different electromagnetic (EM) methods can be used
jointly to reduce the layer equivalences, which are an inher-
ent problem in EM modelling, and therefore enhance model
resolution. Meju et al. (1999) combined vertical electrical
soundings (VES), transient electromagnetics (TEM) and au-
dio magnetotellurics (AMT) to map an aquifer in the Parnaiba
Basin in the northeast of Brazil and showed that a combina-
tion of different methods helps to overcome the equivalence
problem. Helicopter-borne electromagnetics (HEM) and TEM
have been combined successfully for hydrogeological investi-
gations, e.g. by Fitterman and Deszcz-Pan (2001) for saltwater
mapping in the Everglades National Park in Florida, USA, and
by Stadtler et al. (2004) for groundwater studies in Namibia.

Auken et al. (2006) have discussed the current trends
in near surface electrical and electromagnetic methods and
briefly summarized the rapid improvements in electrical and
electromagnetic methods in the past decades. Applications
of TEM and DC resistivity as well as airborne electromag-
netic methods were reviewed by several authors (Matias
et al. 1994, Nobes 1996, Tezkan 1999, Harinarayana 1999,
Pellerin 2002, Siemon et al. 2009) for solving a variety of
problems related to hydrogeological investigations. The joint
inversion of radiomagnetotellurics (RMT) and TEM was re-
alized for groundwater prospecting by Schwinn and Tezkan
(1997).

One-dimensional (1D) inversion of EM data sets is a sim-
ple and fast tool for the delineation of the vertical variation of
the earth’s subsurface conductivity distribution. Additionally,
1D inversion results are useful in constructing initial models
for multidimensional interpretation. The individual inversion
of EM data sets can resolve conductive structures quite well,
but it fails when the layer is either thin or resistive with respect
to the background medium (Verma 1980, Passalacqua 1983).
Therefore, a uniqueness study of 1D inversion is important.

For the simple geological structure, where one-
dimensional models are fairly valid for an actual representa-
tion of the earth structures, these methods suffer from inherent
difficulties in establishing layer thicknesses and resistivities

from the measured data alone. Ambiguities in inversion,
non-uniqueness and electrical equivalence are the common
problems associated with these methods. These problems can
be minimized either by constraining the inverted model by a-
priori information or by using a joint inversion of two or more
independently generated data sets. In joint inversion, an in-
herent weakness of one type of data set is compensated by the
strength of the other data set (Vozoff and Jupp 1975, Raiche,
Jupp and Vozoff 1985). Thus, the joint inversion can improve
the inverted model and also reduce the non-uniqueness in
the final model. This has been demonstrated by Vozoff and
Jupp (1975) for magnetotelluric (MT) and Schlumberger
soundings, and Gómez-Treviño and Edwards (1983) for
controlled-source EM with Schlumberger soundings.

The present paper focuses on the joint inversion of
ground-based and airborne electromagnetic methods. The
idea is that the capability to resolve near surface structures
with the RMT method is higher; however, deeper electrical
conductivity structures can be better resolved by TEM. In
addition, HEM resolves intermediate depths and provides a
better lateral coverage. Therefore, the joint inversion of HEM,
TEM and RMT would yield quasi-2D and quasi-3D images
of the electrical conductivity over a large depth interval by
concatenating the 1D interpreted models along a profile and
a set of profiles, respectively.

The current paper shows principally the joint inversion of
ground based and HEM data. In a further step (not within the
scope of this paper) the high/low frequency HEM data could
be used to extend the information obtained from TEM sites
in lateral direction depending on some constraints. For this
approach, more than one TEM profile would be necessary.

THEORY

Equivalence is a well known problem in the interpretation of
electromagnetic data. Several strategies have been reported to
limit the ambiguities for reconstructed targets and its conduc-
tivities. Therefore, the individual inversion results of different
methods may be different. In that case, it is difficult to com-
bine these results. Joint inversion of these data sets is likely to
give more consistent and reliable results in comparison with
the individual inversion of these data sets. Two different ap-
proaches are used for joint inversion: the first is a sequential or
multi-sequential inversion in which the output of one data set
is used as an input for the other set to constrain the inverted
model (Jupp and Vozoff 1975). This is not a joint inversion in
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the strict sense. The second approach jointly inverts different
data sets belonging to the same subsurface structure.

For this purpose, the objective function is defined by
adding the error function corresponding to the different data
sets (Jupp and Vozoff 1975, Kaikkonen and Sharma 1998).
The data sets, the model functions and the Jacobian matri-
ces of these methods are combined to acquire only one set of
model parameters.

d =

⎛
⎜⎝

d1(RMT)
d2(HEM)
d3(TEM)

⎞
⎟⎠ , J =

⎛
⎜⎝

J1(RMT)
J2(HEM)
J3(TEM)

⎞
⎟⎠ ,

f =

⎛
⎜⎝

f1(RMT)
f2(HEM)
f3(TEM)

⎞
⎟⎠ , (1)

where d is the measured data vector and f is the computed
response that corresponds to the logarithms of in phase and
quadrature components, induced voltages, and apparent re-
sistivities and phases for HEM, TEM and RMT data, respec-
tively. J is the Jacobian matrix containing the parameter sen-
sitivities, i.e. the derivatives of the functional f with respect
to the model parameters m. The functional f is calculated as
described by Siemon (2012) for HEM using quasi-static ap-
proximation, Nabighian and Macnae (1991) for TEM and
Wait (1953) for RMT.

The Jacobian can be defined as following in the logarithm
data space:

Ji j = ∂ log( fi )
∂mj

= 1
fi

∂ fi

∂mj
, (2)

where, i = 1, . . . . . , N, N = number of data values and j =
1, . . . . . , 2M−1, M = number of model layers.

For a resistivity-thickness (ρ – h) earth model with
M-layers

mj = log(ρ j ); j = 1, . . . , M,

mj = log(hj ); j = M + 1, . . . , 2M − 1.
(3)

Using relative errors, the elements of the matrix can hence
be written as (Vozoff and Jupp 1975)

Ji j = 1
fi

∂ fi

∂ log ρ j
= ρ j

fi

∂ fi

∂ρ j
for j ≤ M. (4)

and

Ji j = 1
fi

∂ fi

∂ log hj
= hj

fi

∂ fi

∂hj
for j > M. (5)

By the use of logarithmic data and parameter spaces, the
Jacobian is made scale free, and since the relative error will be

proportionate, different kinds of data will equally influence
the correction that improves the current model (Vozoff and
Jupp 1975).

Different ways to weight the Jacobian were attempted
(Candansayar and Tezkan 2008, Commer and Newman
2009, Kalscheuer et al. 2010, Bastani et al. 2012). First we
applied the most commonly used method available in the lit-
erature (Commer and Newman 2009), i.e. weighting the Ja-
cobian by the number of data points. Unfortunately, in our
case this did not prove to be a general solution in many sit-
uations, because the methods we were using have different
penetration depths and some overlapping depth zones. There-
fore, by up-weighting a method, which is not appropriate for
shallow structures, we influence the joint inversion results of
shallow structures even if the method is not able to resolve the
shallow depths. As a consequence, the method which is appro-
priate for shallow structures is influenced by the other meth-
ods (which are not sensitive for shallow depths). Thus, we
experimented with another strategy in which one of the meth-
ods was up- and down-weighted in a range of 0.1 to 1000.
The fitting and resolution of model parameters were anal-
ysed, but no systematic variations were observed. Thereafter,
we constructed a weighting matrix to weight the Jacobian;
the method on the basis of which the matrix elements were
chosen is described in the following paragraph.

The objective of the joint inversion of three different
electromagnetic methods was to explore the subsurface of the
earth from shallow to deep structures. This led us to construct
a matrix whose elements are based on the selected method
and corresponding model parameter. RMT can resolve near
surface structures very well due to the high frequencies
used (10 kHz to 1 MHz), while TEM is good for deeper
structures due to the rather long transients used (up to 100
ms). However, HEM can cover intermediate depth ranges
due to the somewhat lower (compared to RMT) frequency
range (0.4 kHz to 192 kHz). The newly developed algorithm
goes as follows:

1. Choose maximum and minimum value of depth of inves-
tigations for all the methods used following Spies (1989).
Out of these, four depths of investigation indices will be
used, which are dmax(RMT), dmin(HEM), dmax(HEM) and
dmin(TEM). Where dmax(RMT) is the maximum depth down
to which RMT can resolve well. However, dmin(HEM) and
dmax(HEM) is the minimum to the maximum depth which
HEM can resolve well. Similarly, dmin(TEM) is the mini-
mum depth above which TEM cannot resolve earth struc-
tures sufficiently. Here, the depth of investigation dmax(RMT)
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corresponds to the lowest available transmitter frequency, and
dmin(HEM) and dmax(HEM) correspond to the highest and
lowest frequencies (i.e. 193 kHz and 384 Hz) of the HEM sys-
tem used. The depth of investigation dmin(TEM) corresponds
to the earliest time.
2. Choose a starting model.
3. If di ≥ dmax(RMT), elements of the weighting matrix for
the model parameters of the layers below ith layer will be
given less weight (approximately 50–75%), however, for the
ith layer and layers above ith layer will get 100% weight for
RMT. Here, di is the depth of the bottom of the ith layer.
4. Similarly, weighting elements are calculated for TEM and
HEM methods. This weighting matrix can be called model
parameter weighting matrix Wm.
5. The data weighting matrix, Wd, containing the data er-
rors/noise are also multiplied to the elements of the Jacobian
of the joint inversion matrix. Assuming that different data
types have similar noise levels, more numerous data can cause
an influence of the other data on the imaging outcome to be-
come insignificant. To nullify the effect of the number of data
points of a particular data set in joint inversion, the Jacobian
is multiplied with the square root of the ratio of total number
of data points in all the methods to the number of data points
in a particular method. As different sites may be located in
different geological environments, the noise and the number
of data points may vary. Thus, the relationship is site-specific
due to the term (

√∑
N/N) and requires an extensive study

to establish its validity and limitations in different geological
environments for its future application.
6. This matrix is multiplied to the Jacobian matrix of the joint
inversion and then inverted. Therefore, the resultant sensitiv-
ity matrix for weighted joint inversion becomes

Jw = WdJWm

√∑
N

N
, (6)

where Wd is the data weighting matrix containing the data
errors/noise; Wm is the model parameter weighting matrix
whose elements are calculated as described in the steps 1 to 4;
J is the Jacobian matrix containing the parameter sensitivities
(∂f/∂m), i.e. the derivatives of the functional f with respect to
the model parameters m;

∑
N is the sum of the number of

data points of all the methods and N is the number of data
points in a particular method (as explained in step 5).
7. The weighting matrix Wm is updated after every iteration
according to the new model obtained after that iteration and
the inversion continues.

In this way, we develop a model in which the shallow
model parameters are mainly determined by the RMT and the

deeper layer parameters by the TEM method, while interme-
diate layer parameters are derived from the joint contribution
of RMT, HEM and TEM methods.

We used the Levenberg-Marquardt (Levenberg 1944,
Marquardt 1963) inversion method, which provided a
damped least square solution by adding constant multiplier
(β) as

�m = (JW
TJW + β2I)−1JW

Ty. (7)

Where,

y = d − f, (8)

the difference (y) between the measured data vector (d) and the
computed response (f) at each iteration. The Jacobian matrix
(JW), the measured data vector (d) and computed response (f)
used in the equation (7) are defined in equation (1) and the
elements of the Jacobian matrix are calculated as defined in
equation (6).

A small constant β to the main diagonal of Jw
TJw is added

to avoid singularities. It effectively damps out the parame-
ter correction vector (�m); therefore, β is also known as a
damping factor. The method effectively controls the instabil-
ity caused by the existence of zero or very small eigenvalues of
the system matrix. A detailed analysis in terms of parameter
resolution, their importance and bounds was performed using
the Singular Value Decomposition (SVD) method (Lines and
Treitel 1984) described by Jupp and Vozoff (1975). Accord-
ingly, the matrix JW is decomposed into a product of three
matrices as

Jw = U�VT, (9)

where U is a N×M matrix containing data space eigenvectors
of J in its columns, VT is a M×M matrix, the transpose of
parameter space eigenvector matrix (V) and � is a M×M di-
agonal matrix with eigenvalues (λi ) as its diagonal elements.
The values of λi are the non-negative square roots of eigenval-
ues of JW

TJW. Further, physical parameters are transformed
into eigen parameters (EP) as described by Jupp and Vozoff
(1975),

p = λ1VTm. (10)

Where p represents the component of the transformed EP; V
is the parameter eigenvector matrix, λ1 is the largest eigen-
value of the system matrix, m contains the logarithms of the
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model parameters (layer resistivities and thicknesses) (Jupp
and Vozoff 1975). Hence,

1
λ1

pj = log qj =
∑

i

vi j log ρi +
∑

i

vi j log hi ,

qj = ∏
i

ρivi j

∏
i

hivi j .
(11)

More specifically the column entries of the V-matrix cor-
respond to log qj and the rows correspond to m. The rows
of the matrix V represent the way in which the original pa-
rameters (m) are spread among the transformed parameters
(p).

The parameter bounds (Jupp and Vozoff 1975) are cal-
culated using the following expression

±(r/λ1)|V|e, (12)

where r is the mean relative data error level and, ei = 1/ki,
ki are the normalized singular values given by ki = λi/λ1. To
control the variations of unimportant parameters, an M×M
diagonal damping matrix, T, with ti(damping factors) as its
diagonal elements (Jupp and Vozoff 1975) is defined as

t2
i = k4

i

k4
i + μ4 , with μ̄ = 0.01(1%), (13)

where μ̄ is known as the relative singular value threshold.
This is fundamentally a Marquardt method except that an
exponent of 4 rather than 2 is used, which is regarded as a
second-order Marquardt technique (Raiche et al. 1985).

In the above definition of the damping factor (equation
(13)), the parameters corresponding to the normalized eigen-
value ki ≥ 0.01 are called Important at ‘the 1 percent level’.
A damping factor less than 0.1 implies that the EP is com-
pletely unresolved; damping factors less than 0.8 imply that
the resolution of that parameter is unstable and damping fac-
tors above 0.9 indicate that the associated EP is well resolved
(Raiche et al. 1985).

Numerically, the parameter importance is between 1 and
0 and is defined as

Imp(mi ) =
√

[(VT)(VT)T]i i . (14)

Importances close to 1 indicate that the physical param-
eters are important and well resolved whereas the parameters
corresponding to the importance less than 0.6 are unimpor-
tant and unresolved (Papen, Tezkan and Israil 2013). Param-
eters’ importances have been used to define the quality of the
inversion in the present paper.

To analyse the stability of the joint inversion, V-matrix,
damping factors and importances are used. These parameters

are well-defined by Jupp and Vozoff (1975) and the same
definition is used in the present work.

To determine how well the model fits the measured data,
the measure of error is defined by misfit criterion

χ2 =
N∑

i=1

[
di − fi (m)

σsi

]2

, (15)

where di is the measured data; fi is the computed response and
σ si is the standard deviation associated with di.

SYNTHETIC A ND FIELD DATA EXAMPLES

The 1D inversion of ground-based and helicopter-borne elec-
tromagnetic data has been carried out using two different
strategies of inversion; Occam’s and Marquardt inversions.
To obtain a smooth estimate of the model parameters, indi-
vidual sounding data were initially inverted using Occam’s
inversion scheme. Occam’s method with first and second or-
der smoothness constraints generates an over-parameterized
smooth resistivity-depth model from the measured data
(Constable, Parker and Constable 1987) by using the min-
imum norm inversion with a predefined misfit value. For a
detailed analysis of the quality of inversion, Marquardt in-
version (Levenberg 1944, Marquardt 1963) was carried out,
which generates a layered model from the measured data. The
1D weighted joint inversion algorithm for ground-based and
helicopter-borne electromagnetic methods was first verified
on the synthetic data and thereafter on the field data. For
this purpose, noise free synthetic data was generated for a
five-layer medium. This exercise was repeated for noise added
synthetic data as well. The 1D individual and weighted and
un-weighted joint inversion results for these data sets are dis-
cussed in the following sections. Here, it is to be noted that for
Occam’s inversion scheme the Jacobian is only weighted by
the data errors. However, the Marquardt joint inversion re-
sults are computed by weighting the Jacobian with data errors
as well as the weighting matrix (which has been explained in
theory section (equation (6)).

1D joint inversion of synthetic HEM, TEM and RMT data

At first, the joint inversion scheme is validated on synthetic
HEM, TEM and RMT data derived from a five-layer model
(Fig. 1a, 1b and 1c). The model (resistivities: 70, 32, 10, 43,
1 	m; thicknesses: 3, 22, 34, 224 m) was chosen such that
the geological distribution of the subsurface covers the as-
pects of practical relevance for joint inversion problems. The
five-layer model has a combination of resistivities such as
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Figure 1 1D Occam’s and Marquardt inversion results of synthetic (a) HEM, (b) TEM, and (c) RMT noise-free data. For comparison purposes,
the five-layer model is also plotted as cyan lines along with the inverted models. Synthetic data and their fittings are shown on the left side.
Values of χ above every data fitting plots (on the left side) indicate the misfit of the data in respective individual inversions such as Occam’s
inversions for first and second order smoothness constraints (Occam’s R1 and Occam’s R2) and Marquardt inversion.
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Figure 1 Continued.

ρ1 > ρ2 > ρ3 < ρ4 > ρ5, the conventional Q- and K-type
models (Bhattacharya and Patra 1968); therefore, it covers
both problems associated with the inversion such as electrical
suppression of thin layers (ρ1 > ρ2 > ρ3, Q-type) and equiv-
alence (ρ3 < ρ4 > ρ5, K-type). The synthetic data are calcu-
lated using the forward algorithm derived by Siemon (2012)
for HEM (using quasi-static approximation), Nabighian and
Macnae (1991) for TEM and Wait (1953) for RMT. Synthetic
data sets were generated for HEM using five frequencies (387,
1823, 8333, 41520, 133400 Hz) with a system altitude of 30
m and TEM data sets were generated in the time range of 10−6

to 10−1 seconds for in-loop configuration with a 400×400 m2

loop size with transmitter current of 20 A. Similarly, RMT
data with apparent resistivities and phases were generated in
the frequency range from 10 kHz to 1 MHz. The 1D Oc-
cam’s and Marquardt individual and joint inversions were
carried out for the data sets. Here, ‘Occam’s R1’ and ‘Occam’s
R2’ refer to the first and second order derivatives of smooth-
ness constraints, respectively, that were used in the Occam’s
inversion. In zones, where these two models were consistent
and/or approximately the same, the obtained resistivity val-
ues were well resolved. Zones, where the two model results
(Occam’s R1 and Occam’s R2) were not concurrent, were as-
sumed as the unreliable zone (Lange 2003, Sudha et al. 2010).
The starting model was homogeneous half-space with same re-
sistivity value for both Occam’s R1 and Occam’s R2 inversion.

The 1D individual HEM inversion results for Occam’s
first and second order smoothness are matching well up to the
depth of about 80 m and generate a smooth model (Fig. 1a),
which can be interpreted as a four-layer model. However,
HEM could not delineate the last layer (fifth layer) and the
thickness of the fourth layer. This is due to the limitation of
the depth of investigation at the lowest frequency. On the
other hand, the TEM inversion results for Occam’s first and
second order smoothness constraints are matching well down
to about 200 m depth and infer a smooth model that can be
represented well by at least five layers. This has been con-
firmed by Marquardt inversion as well (Fig. 1b). SVD anal-
ysis (Jupp and Vozoff 1975) indicates a five-layer model for
TEM data because choosing models of less than five layers
lead to poor fitting of model responses. However, the in-
herent weakness to resolve the near surface layer of TEM
data is reflected in the inverted model; the importance of the
first layer resistivity is 0.54 (Table 1). The importance val-
ues corresponding to the third layer resistivity and thickness
are 0.09 and 0.08, respectively, indicating that the layer is
irrelevant.

To resolve the first layer, it is required to use the shallow
subsurface data, which can be measured by other geophysical
measurements suitable for shallow subsurface such as RMT.
The same five-layer model was used to generate the noise-free
synthetic RMT data. The individual RMT inversion shows
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Table 1 Model parameters and importance values (equation (14)) for 1D Marquardt individual (TEM and RMT) and joint (HEM-TEM-RMT)
interpreted five-layer model for noise-free synthetic data.

Individual TEM Individual RMT Un-weighted Joint HEM-
inversion result inversion result TEM-RMT inversion result

Original synthetic
model parameters Calculated model Importances Calculated model Importances Calculated model Importances

ρ1 = 70 	m 131.0584 0.5390 69.5021 0.9994 61.4740 1.0000
ρ2 = 32 	m 14.1269 0.9993 32.2785 0.9993 29.8819 1.0000
ρ3 = 10 	m 40.3728 0.0884 11.3787 0.7815 9.5836 0.9940
ρ4 = 43 	m 67.3762 0.7003 20.4584 0.0256 40.2462 0.9945
ρ5 = 1 	m 1.0050 1.0000 20.2444 0.0092 0.9942 0.9999
h1 = 3 m 12.3944 0.9987 3.0130 0.9966 4.8476 0.9999
h2 = 22 m 73.1684 0.9831 23.4694 0.9940 21.2994 0.9983
h3 = 34 m 14.2965 0.0759 20.2348 0.0718 30.3809 0.9750
h4 = 224 m 181.2711 0.9938 20.0192 0.0003 227.6416 0.9996

a better match with the original model for the upper layers.
The inversion of RMT from Occam’s first (Model R1) and
second (Model R2) order smoothness constraints (Fig. 1c)
shows that the models start deviating after 30 m depth, which
indicates the maximum depth (about 30 m) down to which
the inverted models are reliable. The interpreted results of
RMT data infer the three-layer model of the subsurface up
to 20 m. RMT data could resolve only a three-layer model
due to the limited frequency range. All the model parameters
corresponding to the top three layers are well resolved and
represented by importance greater than 0.8 (Table 1).

The joint inversion was carried out for Occam’s and
Marquardt methods. The results of both methods are simi-
lar; however, the inversion results are presented only for the
Marquardt method in the case of synthetic data. The joint
inversion result has significantly improved the small eigen-
values present in the individual inversions. Figure 2a shows
the 1D jointly inverted model of HEM, TEM and RMT data.
The interpreted model is in good agreement with the original
model. It has improved the damping factor (> 0.96) and pa-
rameter importance (> 0.98). In the joint inversion, all nine
parameters are important in the five-layer model (Table 1).
The error bounds for layer parameters (resistivities and thick-
nesses), derived from SVD analysis which are not shown here,
are narrower, indicating that the common error due to an
equivalence problem in the inversion of the electromagnetic
data has been reduced.

It is remarkable that none of these three methods are
able to resolve all five layers of the synthetic model inde-
pendently. However, the joint interpretations of these three
inversion results are able to interpret all the layer parameters.
The correlation between the layer resistivities and thicknesses

of the jointly inverted model to the original model has been
significantly improved in the HEM-TEM-RMT joint inver-
sion in comparison with the individual inversions except for
the top layer. In the case of the individual RMT inversion,
the first layer shows a better fitting with the original model
than that of the joint inversion. This can be due to the bad
fitting of the data for higher frequencies. The same RMT data
shows good fitting in the individual inversion, while it gets
bad when jointly inverted with HEM and TEM data. In the
previous section, however, we have already analysed that the
first layer is not resolved by any of the other methods used
(HEM, TEM). This shows that an appropriate weighting is
necessary to enhance the model resolution from shallow to
deeper structures. Therefore, we worked in the direction of an
appropriate selection of weighting of the Jacobian.

Figure 2b shows the 1D weighted jointly inverted model
of HEM, TEM and RMT data. The jointly interpreted model
is much closer to the original model. Additionally, the fit-
ting of RMT data has been improved, whereas the overall
fitting error has been increased in comparison with the un-
weighted joint inversion result (Fig. 2a). This increase can be
related to the increase in the misfit of TEM data for early
time points. The thin grey lines shown in Figs 2a and 2b are
equivalence models, which are calculated on the basis of the
Monte-Carlo inversion scheme (Scholl 2005). In Fig. 2a, the
joint interpreted model does not match the equivalence mod-
els completely, while the joint interpreted model in Figure 2b
fits the equivalence models. Here, it is to be noted that the
starting model is always the same, whenever the interpreted
models of same data sets are compared, i.e. the starting mod-
els for un-weighted and weighted joint inversion models are
the same.
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Figure 2 The 1D Marquardt (a) un-weighted and (b) weighted joint inversion result of synthetic HEM, TEM and RMT noise-free data. The
thin grey lines indicate the equivalence models computed on the basis of Monte-Carlo inversion scheme and cyan colour line refer to the true
model. Values of χ above the data fitting plots (on the left side) indicate the total misfit in joint inversion, however, the values of χ inside the
model plots (on the right side) indicate the misfit in individual inversions of HEM for Occam’s R1 inversion, and of TEM and RMT data for
Marquardt inversion. Models of Figure 1a-c are shown for comparison.
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Figure 3 The 1D Marquardt (a) un-weighted (b) weighted joint inversion results for noise-added synthetic HEM, TEM and RMT data. The
thin grey lines indicate the equivalence models computed on the basis of Monte-Carlo inversion scheme and cyan colour line refer to the true
model. Values of χ above the data fitting plots (on the left side) indicate the total misfit in joint inversion, however, the values of χ inside the
model plots (on the right side) indicate the misfit in individual inversions of HEM for Occam’s R1 inversion, and of TEM and RMT data for
Marquardt inversion. The individual interpreted models for noise-added synthetic data are also shown for comparison purposes.
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Table 2 V-matrix, damping factors (equation (13)) and parameter combination (equation (11)) for 1D Marquardt un-weighted joint (HEM-
TEM-RMT) interpreted five-layer model for noise added synthetic data.

EP1 EP2 EP3 EP4 EP5 EP6 EP7 EP8 EP9

Log(ρ1) 0.026 − 0.154 − 0.348 − 0.857 0.156 0.018 0.307 − 0.032 0.006
Log(ρ2) 0.090 − 0.580 − 0.602 0.398 − 0.257 − 0.007 0.251 − 0.069 0.018
Log(ρ3) 0.058 − 0.632 0.538 − 0.100 0.091 − 0.096 − 0.086 − 0.460 0.249
Log(ρ4) 0.044 − 0.119 0.141 − 0.067 − 0.216 0.141 0.061 0.640 0.693
Log(ρ5) 0.107 0.037 − 0.023 0.015 0.074 − 0.971 0.061 0.172 0.062
Log(h1) 0.051 − 0.208 − 0.301 − 0.166 0.016 − 0.031 − 0.903 0.138 − 0.031
Log(h2) 0.132 − 0.234 0.016 0.213 0.842 0.133 0.087 0.360 − 0.135
Log(h3) 0.134 0.344 − 0.329 0.135 0.343 0.022 − 0.071 − 0.442 0.647
Log(h4) 0.968 0.093 0.089 − 0.045 − 0.147 0.088 0.010 − 0.008 − 0.124
Damping factors 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.994 0.678
Parameter Combination h4 1/ρ2ρ3 ρ3/ρ2 1/ρ1 h2 1/ρ5 1/h1 ρ4/ρ3h3 ρ4h3

Table 3 V-matrix, damping factors (equation (13)) and parameter combination (equation (11)) for 1D Marquardt weighted joint (HEM-TEM-
RMT) interpreted five-layer model for noise added synthetic data.

EP1 EP2 EP3 EP4 EP5 EP6 EP7 EP8 EP9

Log(ρ1) 0.067 − 0.126 0.175 − 0.936 0.181 0.040 0.192 − 0.032 0.008
Log(ρ2) 0.552 − 0.422 0.526 0.193 − 0.332 0.027 0.282 − 0.108 0.040
Log(ρ3) 0.668 0.339 − 0.418 − 0.077 0.041 − 0.131 − 0.090 − 0.369 0.309
Log(ρ4) 0.101 0.064 − 0.134 − 0.070 − 0.256 0.292 0.066 0.716 0.544
Log(ρ5) − 0.009 − 0.089 − 0.060 0.005 0.037 − 0.914 0.229 0.305 0.077
Log(h1) 0.195 − 0.189 0.206 − 0.125 − 0.025 − 0.161 − 0.894 0.197 − 0.056
Log(h2) 0.351 − 0.131 − 0.031 0.205 0.788 0.166 0.104 0.338 − 0.207
Log(h3) − 0.272 − 0.329 0.147 0.122 0.378 − 0.020 − 0.091 − 0.299 0.735
Log(h4) − 0.002 − 0.719 − 0.657 − 0.053 − 0.155 0.076 − 0.006 − 0.055 − 0.124
Damping factors 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.983
Parameter Combination ρ2ρ3 1/h4 ρ2/ρ3h4 1/ρ1 h2 1/ρ5 1/h1 ρ4 ρ4h3

To ascertain the efficiency of the newly developed joint
inversion algorithm, noise-free data were used initially. The
reason behind using noise-free data was that deducing any
conclusion on the basis of the statistical analysis of model
parameters obtained after the joint inversion of noise free
data sets is more advantageous than on noisy data sets. After
the first validation on the noise-free synthetic data, random
Gaussian noise was added to the data. The noise levels that
were added to the synthetic data were selected as the general
noise level measured in the field data (2% for HEM; 3% for
TEM; and 5% on apparent resistivities and 2.5% on phases
for RMT). The joint interpreted model for noise added data
sets is shown in Fig. 3a and 3b. It is observed that both the
un-weighted and weighted model results are unable to match
the thickness of the first layer. Although, the model fitting
and trend of both model results have similar appearance, the
analyses of the model parameter resolution are found to be

interesting. Model parameter eigenvector matrices (V-matrix)
for both models are illustrated in Tables 2 and 3. Model pa-
rameter and importance values for both models are tabulated
in Table 4. The damping factors, the V-matrix and parame-
ters importance can be used to judge the performance of the
inversion.

The columns correspond to the EP and the rows to the
logarithms of the physical parameters (resistivity and thick-
ness). In order to judge the resolution of the model parame-
ters on the basis of the limits of damping factors, suggested
by Raiche et al. (1985), EP1 to EP8 are well resolved and EP9
is unstable for the un−weighted joint inversion (Table 2).
However, in the weighted joint inversion EP1 to EP9 are well
resolved (Table 3). The V-matrix analysis of the un-weighted
joint inversion result (Table 2) shows that EP1 has relatively
large entries in the ninth row, i.e. it consists of the thickness
of the fourth layer. EP2 and EP3 have large roughly equal
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Table 4 Model parameters and importance values (equation (14)) for 1D Marquardt un-weighted and weighted joint (HEM-TEM-RMT)
interpreted five-layer model for noise added synthetic data.

Un-weighted joint HEM-TEM-RMT Weighted joint HEM-TEM-RMT
inversion result inversion result

Original synthetic
model parameters Calculated model Importances Calculated model Importances

ρ1 = 70 	m 66.4728 0.9999 63.0646 1.0000
ρ2 = 32 	m 31.7627 0.9998 30.7105 1.0000
ρ3 = 10 	m 10.0887 0.9818 10.3084 0.9983
ρ4 = 43 	m 48.5908 0.8576 42.2198 0.9948
ρ5 = 1 	m 1.0216 0.9985 1.0075 0.9998
h1 = 3 m 3.8071 0.9989 4.3445 0.9999

h2 = 22 m 21.1870 0.9942 20.9841 0.9992
h3 = 34 m 36.1352 0.8782 34.1436 0.9907

h4 = 224 m 218.9597 0.9958 221.8347 0.9997

entries of same and opposite signs in second and third rows,
respectively. So, EP2 and EP3 consist of the product and ra-
tio of conductivity of the second and third layer, respectively.
Since EP2 and EP3 have damping factors of 1.0, they are
well resolved. EP9 corresponds to the product of the fourth
layer resistivity and the third layer thickness, but due to the
damping factor value the resolution is unstable. However,
the V-matrix analysis of the weighted joint inversion result
(Table 3) indicates that each model parameter is resolved in-
dependently. Similar results are also indicated by importances.
Table 4 shows the importances of the model parameters
for the un-weighted and weighted joint inversion. The effect
of the unstable resolution of the fourth layer resistivity and
the third layer thickness in the un-weighted joint inversion can
also be seen in the importance values corresponding to those
model parameters. Although the shallow model parameters
are closer to the true model in case of the un-weighted joint
inversion result, but deeper layers are unresolved. However,
in the weighted joint inversion the model parameters from
deeper depths are also resolved.

The above example demonstrates that the joint inversion
gives better results in the equivalence problem than the indi-
vidual inversion of HEM, TEM and RMT (Table 1, 4). The
weighted joint inversion compared to the un-weighted joint
inversion was found to be more promising in delineating the
subsurface (Table 4).

1D joint inversion of HEM and TEM field data

After the successful validation of the joint inversion algorithm
on synthetic data, it has been applied on field data. The field
HEM and TEM data used here were measured and interpreted

by the Federal Institute for Geosciences and Natural Resources
(BGR) in Wanhöden (Fig. 4), Germany (Siemon et al. 2004,
Steuer 2008, Steuer et al. 2009). The aim of this survey was to
understand the structural and hydraulic properties, to focus
on the vulnerability due to surface contamination and other
human impacts, and to investigate interactions with saltwater
intrusions and groundwater reservoirs such as buried valleys.
No RMT field data was available from this measurement area,
therefore only the joint inversion of HEM and TEM data was
tested on field data. In order to perform the inversion along a
3 km long profile that perpendicularly crosses the Cuxhaven
valley, forty-three pairs of HEM and TEM sounding data were
selected for individual and joint inversions.

For the geological interpretation, the resistivity values
were compared with the known lithology from available bore-
hole data in the study area. The location of the borehole
(Fig. 4) is within the valley, but about 200 m to the north of
the HEM-TEM sounding pairs. According to the generalized
lithological description (Steuer et al. 2009), two conductive
layers are observed at a depth of 10 m and 39 m, respectively.
The top conductive layer (16 m thick) consists of silt and
Holstein clay; however, the second conductive layer consists
of silt and Lauenburg clay (28 m thick).

The HEM data were measured at five frequencies 383.7,
1828, 8600, 41290 and 192650 Hz. The separation between
the horizontal coplanar transmitter/receiver coils were about
6.7 m. The sampling rate of 10 Hz provides a sampling dis-
tance of about 4 m at a flight velocity of about 140 km/h
(Siemon et al. 2004). Additionally, TEM measurements were
accomplished along a 2.9 km long line with a site spac-
ing of 50 to 100 m. The TEM measurements were carried
out in a central-loop configuration using Geonics PROTEM
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Figure 4 Location map of the study area. The locations of the 43 pairs of HEM and TEM soundings are displayed with the prefixes ‘h’ and ‘t’ as
an abbreviation for HEM and TEM soundings, respectively. The numbers beside these are the corresponding sounding numbers. The sounding
numbers are in increasing order from the left to the right side. The location of the borehole is marked with a flag named as BH, however, the
locations of HEM and TEM soundings are marked in blue and yellow colours, respectively. (Image C©2013 GeoBasis-DE/BKG, C©2013 Google,
C©2009 GeoBasis-DE/BKG)

47 system with a transmitter moment of 30,000 Am2

(100×100 m2 transmitter loop and 3 A transmitter current).
The effective area of the receiver loop was 31.4 m2. Three
time segments (6–707 μs, 49–2850 μs and 101–7040 μs) with
gains of 2, 64, and 128 were measured (Steuer 2008).

The 1D Occam’s and Marquardt inversions were per-
formed to trace the subsurface geology from these data sets.
Individual Occam’s inversion for HEM data infers a gen-
eral three to five-layer model (Fig. 5a). HEM models indicate
two conductive layers inside the valley of about 30 	m and
7 	m at about 15 m and 40 m depths, respectively as also pre-
sented by Steuer et al. (2009). The clay layer fades out to the
west of the valley whereas no significant clay deposits occur
in the eastern part of the valley. HEM clearly outlines both
the lateral extent and depth of the Lauenburg clay (Fig. 5a).
However, the conductive clay and silt layers limit the depth
of investigation of the HEM data and therefore, the base of
the Lauenburg clay is not always resolved. The resistivities at
greater depths (below Lauenburg clay) are rather noisy and
therefore the silt/clay layer at 105–144 m depth is not re-
solved. This is due to the weak signal to noise ratio for lower
frequencies.

The 1D Occam’s inversion results of TEM data are shown
in Figure 5b. The first layer is resistive in the left part while
less resistive (<50 	m) above the valley. A conductive layer
of approximately <10 	m is observed in between 30–70 m
depth in the centre of the valley, which is approximately from
900 m to 1700 m on the profile (Fig. 5b). However, this layer
is absent in the eastern part of the profile. According to the
geology of the area, the conductive layer can be interpreted
as the Lauenburg clay. The conductive layer is followed by
a resistive layer with resistivities of more than 100 	m. The
conductive layer at 100 m depth is concluded as Tertiary clay
layer, which is also confirmed by borehole lithology (Fig. 7b).

The joint 1D Occam’s inversion model is shown in
Fig. 6a. The top conductive layer above the valley, which
was not seen in the individual TEM inversion models, was
observed in both HEM and jointly inverted models. This is
due to the poor resolution capability of TEM for near sur-
face structures. HEM has a better resolution capability for the
near surface structures than TEM. That is why HEM could
detect the Holstein clay, and TEM could see the Lauenburg
clay (inside the valley) and Tertiary clay (outside the valley).
The Lauenburg clay appears in the TEM models at shallower

C© 2014 European Association of Geoscientists & Engineers, Geophysical Prospecting, 1–18
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Figure 5 1D Occam’s interpreted models using first order smoothness constraints for (a) HEM and (b) TEM field data. The depths below which
(a) the HEM models and (b) the TEM models are not reliable are indicated as shaded parts. These depths are computed by comparing Occam’s
R1 and Occam’s R2 models. The x-axis shows the distance along the profile line: 0 m corresponds to the HEM ‘h1’ sounding and 2923 m
corresponds to the HEM ‘h43’ sounding.
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Figure 6 The HEM and TEM joint inverted models are shown; (a) 1D Occam’s models (b) 1D Marquardt weighted joint models. The location
of Sounding 22 is marked by a red arrow on the Marquardt models. The x-axis shows the distance along the profile line: 0 m corresponds to
the HEM ‘h1’ sounding and 2923 m corresponds to the HEM ‘h43’ sounding.

depths than in the HEM models, which are also due to the
poor resolution of TEM for near surface. The base of the
Lauenburg clay layer was not always resolved from HEM
models, however, this was resolved by TEM. Therefore, the
joint model of HEM and TEM data increase the resolution
capability of each method, which can be easily observed by
comparing the interpreted models after individual and joint
inversions.

Figure 6b illustrates the 1D weighted joint Marquardt
interpreted models. The Marquardt models indicate a three
to five-layer geological subsurface of the area. In the cen-
tral part i.e. in the valley, five-layer structures have been ob-
served. However, on the east side of the valley it is found
to be three-layered and on the west side it can be explained
with a four-layer structure. The Marquardt weighted joint in-
version models infer the boundaries of the silt and Holstein
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Figure 7 (a) The 1D Marquardt weighted joint inversion for HEM and TEM field data sets for sounding 22. For the location of the sounding
please refer to Fig. 4. Values of χ above the data fitting plots (on the left side) indicate the total misfit in joint inversion, however, the values
of χ inside the model plots (on the right side) indicate the misfit in individual inversions of HEM and TEM data. The individual models are
shown for comparison. (b) The borehole log from the study area and its comparison with the 1D Marquardt weighted joint model for sounding
22 from the valley zone. The borehole is located 200 m to the north of the HEM ‘h22’ sounding.
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clay, Lauenburg clay and Tertiary clay layers. However, the
base of the Tertiary clay is not resolved. The SVD analy-
sis was performed for field data sets. It has been found that
the results are consistently improved in all cases for the joint
inversion.

The HEM and TEM data and the fitting for the weighted
joint inversion is shown for sounding 22 from the valley zone
as a representative example in Fig. 7a. The comparison of the
1D weighted joint interpreted model and the lithological log
from the study area (Steuer et al. 2009) is shown in Fig. 7b
for sounding 22. The lithological log confirms that the upper
conductor consists of silt and Holstein clay and the lower one
of silt and Lauenburg clay (Fig. 7b). It can be observed that the
shallow subsurface parameters are dominated by HEM data
and the deeper layers by TEM data. However, the layer pa-
rameters for intermediate depths are a result of the joint con-
tribution of HEM and TEM (Fig. 7a). This concludes that the
weighted joint inversion is able to enhance the resolution from
the shallow to the deeper parts of the subsurface parameters.

All the results are consistent with the results by Steuer
et al. (2009). However, the HEM and TEM data are now
combined together in a quantitative way using the newly de-
veloped weighted joint inversion algorithm resulting in one
conductivity model for the interpretation of frequency de-
pendent HEM transfer functions and time dependent TEM
induced voltages.

CONCLUSIONS

A new 1D weighted joint inversion algorithm is developed for
radiomagnetotellurics, helicopter-borne electromagnetics and
transient electromagnetics data. The weighted joint inversion
algorithm was tested on synthetic data (radiomagnetotellurics,
helicopter-borne electromagnetics and transient electromag-
netics) and field data (helicopter-borne electromagnetics and
transient electromagnetics). The resolution of model param-
eters is enhanced in the weighted joint inversion, which has
been described in detail for noise-free and noisy synthetic data.
The weighted joint inversion result is found to be more sat-
isfactory on the basis of SVD analysis (V-matrix, damping
factors and importances) than the un-weighted joint inver-
sion. Subsequently, the 1D weighted joint inversion algorithm
was successfully applied on the field helicopter-borne electro-
magnetics and transient electromagnetics data. The silts and
Holstein and Lauenburg clays are better resolved in the 1D
weighted joint interpreted models compared to the individual
helicopter-borne electromagnetics and transient electromag-
netics interpreted models. It has been demonstrated that the
weighted joint interpreted model enhances the resolution from

shallow to deeper depths of the subsurface structure. It has
been shown from the synthetic and field examples that the
shallow subsurface parameters are derived from helicopter-
borne electromagnetics data and deeper structures are derived
from transient electromagnetics data. However, the interme-
diate depth (i.e. overlapped depth) parameters are derived
from the joint contribution of helicopter-borne electromag-
netics and transient electromagnetics data. Thus, the weighted
joint inversion has been proved to be successful in enhancing
the resolution from the shallow to the deeper parts.
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